Abstract: We propose a simple and effective even-power fast algorithm to obtain scalable fringe precision in self-mixing interference. In this letter, the principle of the even-power fast algorithm is introduced in detail. The validity of the proposed algorithm is demonstrated by means of simulated signals and confirmed by experimental measurements at different vibration amplitudes. Without adding any additional optical elements in the optical path, theoretical analysis shows that the resolution of the fringe could be enhanced to λ/2 n+3 (n = 0, 1, 2, 3 . . .). Experimental results show a fringe precision of λ/32 is achieved at a sampling rate of 50 KS/s. The influence factors are also discussed when the algorithm is applied in actual measurements.
Introduction
In recent years, the self-mixing interferometry (SMI) effect has been extensively analyzed in some literatures [1] - [5] . In the self-mixing interferometric configuration, when the light partially re-injected back into the laser by the external reflector, both the power and the frequency of the laser will be modulated. Compared with traditional two beam interferometry such as the Michelson interference, SMI has the superiorities of compactness, low-cost, and easy construction in addition to the same fringe resolution [6] . Therefore, the applications of the SMI have been popularized in many fields, such as vibration [7] - [10] , displacement [11] , velocity [12] - [14] , tomography [15] , biomedical signals [16] , and refractive index measurement [17] .
As we all know, in the typical SMI systems, a fringe shift of SMI signal corresponds to only λ/2 displacement. For lasers with 632.8 nm wavelength, the fringe resolution is 316.4 nm. This is one of the most important aspects that confine their applications. For example, the requirement of better than a λ/10 on the surfaces of lens elements and the quality of the finished lens require an even higher measurement accuracy in order to fabricate the surfaces [18] . Nowadays, nanometer resolution measurements are necessary in many applications, such as, surface imaging of a French coin in milk [19] , tomography and nano-step height measurement [15] etc. The SMI sensing system has shown its potential ability in these specific applications that requiring nanometer resolution. For this reason, much attention has been drawn to improving the fringe precision of the SMI signal for higher measurement resolution. In 2007, Cheng and Zhang provided a method to enhance the resolution of measurement with 17 times [20] . However, their system requires a partially reflecting measured target whose transmittance and reflectance are difficult to acquire in actual measurements. In 2013, Wang et al. obtained fringe precision of near 1/6 wavelength by employing a simple external reflecting mirror [21] . When the resolution came to further improving, the reflection time is restricted by the length of the target and the distance between the external reflecting mirror and the target. Furthermore, the angle between the external reflector and vibratory target is difficult to be measured accurately which may result in measurement errors. In 2015, Zeng et al. improved the method of [21] to obtain the fringe precision near λ/58 based on the single high-order orthogonally polarized feedback effects [22] . The measurement at the nanometer level is inspiring. However, when the reflection time reached nearly 29 times, the last few laser spots almost gathered together, which makes the light difficult to re-injected back into the laser by adjusting the reflector in actual measurement. In 2016, Huang et al. proposed a method of equivalent wavelength, which can obtain fringe precision of λ/3.25 [23] . Nevertheless, double path configuration makes the system more complex. As well, its resolution is hard to be further improved. The above mentioned methods to improve fringe precision require adding additional optical elements in the existing optical path. In 2006, Cheng et al. used the multiple reflections and the asymmetry of external cavity to obtain the fringe precision of λ/6 [24] . In 2016, Jiang et al. proposed a novel algorithm for the power spectrum analysis based on multiple self-mixing interferometry [25] . Without adding any additional optical elements, the SMI fringe resolution can be improved by twice, three times or even four times based on multiple reflections and the asymmetry of the external cavity. However, the tilt angle of the target must be adjusted carefully, and the reflection times are unable to be determined automatically. In addition, the algorithm is only applicable to simple harmonic vibration.
In this paper, a simple and effective even-power fast algorithm is proposed to obtain scalable fringe precision in SMI. The principle is demonstrated and recursive formula of algorithm is deduced in Section 2. Then, simulations are performed firstly and experiments are carried out to illustrate that the proposed algorithm has the scalable ability of improving precision. This method does not require any additional optical elements in the optical path that would greatly expand its applications.
Theoretical Analysis and Simulations

Theory of the SMI
As shown in Fig. 1 , when the light reflected or back-scattered by the external target re-enters the laser cavity, the frequency and power of emitting light will be modulated. The power of emitting light is detected by the photodetector (PD) in the LD package. According to the three mirror cavity model [2] , the well-known phase equation is expressed as:
Where ϕ 0 and ϕ are the phase signal of LD without optical feedback, and the phase signal of LD with optical feedback, respectively. α is the linewidth enhancement factor and C is the feedback factor. Feedback level changes shape of detected SMI fringes is categorized into four regions: (A) extremely weak level C ≤ 0.1 (B) Weak feedback level 0.
Furthermore, based on the three mirror cavity model, the emitted power P of LD is usually expressed as
Where P 0 is the laser power without optical feedback, and m is the modulation index. Let L(t) = L 0 + S(t) represents the instantaneous distance between vibration target and the LD, where S(t) is the target displacement, and L 0 is the initial distance between LD and the target. Considering the region A and B, the phase signal with optical feedback (ϕ) is not changed greatly which can still be approximated as the phase signal without optical feedback (ϕ 0 ). That is ϕ ≈ ϕ 0 . Then
Where λ is the wavelength of LD without optical feedback. As we all known, the resolution of SMI fringe is no better than λ/2 in a typical SMI system.
Even-Power Fast Algorithm and Simulation Results
Through DC blocking and normalization processing, from (2) and (3), the emitted power P can be written as
Then P 2 and P 4 can be written to
Hence, combine (5) and (6) and get rid of the odd power in the polynomial, we can get
The same procedure can be easily adapted to obtain the follow equations : . . . . . .
Finally a recursive formula can be drawn as follow:
For the periodic cosine function, if the minimum displacement of the target that can cause a fringe shift (corresponding to a 2π external phase shift) is set to L, the changed phase ( ϕ) in (11) can be given as
Therefore, from (13), we can get L = λ/2 n+3 (n = 0, 1, 2, 3 . . . ). In other words, the fringe precision is λ/2 n+3 at this time. Fig. 2 shows the block diagram of our proposed even-power fast algorithm. At first, filtering and normalization have been performed on the original SMI signal before square operation. Then, P 4 is easily got by further square operation. Next, I 0 is acquired by doing subtraction operation on P 4 and P 2 according to (7) to obtain a signal with λ/4 fringe precision. Similarly, I 1 , I 2 , . . . ..I n , are acquired by the same process using recursive formula (see (11) ) to obtain a signal with λ/8, λ/16, λ/2 n+3 fringe precision, respectively.
In order to verify the feasibility of the algorithm we proposed, two cases where the external vibration amplitude is more than λ/2 and less than λ/2 have been simulated, respectively. Fig. 3 shows the simulation results for the target with a cosinusoid displacement (S(t) = A * cos(2πft)). The vibration frequency f is 80 Hz and the vibration amplitude is 1.3λ (A = 0.65λ). The wavelength (λ) of laser is 650nm. The corresponding output powers are then calculated while in region A (C = 0.1) and α = 4, as shown in Fig. 3(b) . Fig. 3(b) shows that there are about 2.7 fringes between the two flip points in the original SMI signal, where the integer part of 2 is accurate, and the fractional part of 0.7 is estimated. It is the well known that a fringe shift of SMI signal corresponds to only a half wavelength displacement in the fringe-counting method. Fig. 3(c)-(f) show the SMI signals processed by the even-power fast algorithm illustrated in Fig. 2 . There are about 5.3 fringes between the two flip points in Fig. 3(c) . In this case, the integer part of the 5 is accurate, and the fractional part of 0.3 is estimated. In other words, a fringe precision is raised to λ/4 by using this algorithm. Similarly, there are about 10.5, 20.7 and 41.5 fringes between the two flip points in Fig. 3(d)-(f) , respectively, i.e. the fringe precision is further raised to λ/8, λ/16, λ/32. In another case, the external vibration amplitude is reduced to λ/5 (A = λ/10) with other parameters kept unchanged. The original SMI signal is shown in Fig. 4(b) . Obviously, there is not one complete fringe between the two flip points in the original SMI signal since the external vibration amplitude is less than λ/2. Fig. 4(c)-(f) shown the SMI signals processed by the even-power fast algorithm that illustrated in Fig. 2 . Be similar to that in Fig. 3 , it can be clearly seen that there are 0.7, 1.6, 3.3, and 6.4 fringes between the two flip points, in Fig. 4 (c)-(f), respectively. The results demonstrate clearly that the fringe precision is improved to λ/4, λ/8, λ/16, λ/32 step by step by employing the even-power fast algorithm. It is credible that the fringe precision can be further raised to λ/2 n+3 (n = 0, 1, 2, 3 . . .) by the algorithm according to (11) . When in region B, fringe inclination phenomenon emerges from SMI process, which is more apparent in region D. In these two regions, the continuous wavelet transform (CWT) [26] is used to decompose the SMI signal before performing the even-power fast algorithm. Fig. 5 shows the simulation results while C = 0.9 with other parameters kept the same as Fig. 3 . It can be seen that after the process of CWT, the SMI signal is turned into a quasi-cosine curve with unchanged period in time domain, as shown in Fig. 5(c) . Then, the algorithm is implemented to process the SMI signal as similar to that in Fig. 3 . Fig. 5(d)-(g) illustrate that the fringe precision is improved to λ/4, λ/8, λ/16, λ/32, respectively. In region E, the SMI happened is rare, which is a technological challenge to the majority occasions.
Experiments and Discussion
The experimental setup that we used is shown in Fig. 6 . In the experiment, we use a LD (FU654AD5_C9N) with nominal wavelength of 650 nm and output power of 5 mW as the light source, driven by a constant current supply. The emission light is focused onto a moving target (speaker) by the focus lens packaged on the LD. The target which pastes a mirror (M1) on its surface is placed on an optical adjustment stages at a distance of 8 cm from the laser source. A power-monitor PD packaged in the LD detects the change of laser power and transforms light power into current, which will be amplified by a transimpedance amplifier. Finally, the SMI signals are acquired by computer via a DAQ card (ISDS205A) whose sampling rate can be adjustable. In our experiments, the sampling rate is set to 50 KS/s. At first, the angle of the speaker is adjusted to ensure the laser beam reflected back to the laser cavity as vertically as possible to achieve a good SMI waveform with 1.6 volt driving voltage, as shown in Fig. 7(b) . Fig. 7(c) is the SMI signal after filtering and normalization. There are about 2.3 fringes between the two flip points in the SMI signal. It indicates that the vibratory displacement is about 1.15λ when the driving voltage is 1.6 volt. Fig. 7(d)-(g) show the SMI signals processed by the even-power fast algorithm. It can be clearly seen that about 4.5, 8.8, 17.7 and 35.3 fringes appear between the two flip points, in Fig. 7(d)-(g), respectively . The experimental results demonstrate that the fringe precision is significantly raised to λ/4, λ/8, λ/16, λ/32, respectively, which is coincident to the theoretical results.
Furthermore, the driving voltage is reduced to make the external vibration amplitude less than λ/2. When the driving voltage is set to 0.8 volt [see Fig. 8(a) ], there is not one complete fringe in the SMI signal, as shown in Fig. 8(b) . The vibration amplitude of speaker can not be calculated by the fringe-counting method at this time. Therefore, the algorithm is implemented to process the SMI signal, and the results are shown in Fig. 8(c)-(f) . Obviously, the number of fringes increases to 1.5, 3.2, 6.1 and 12.3 between the two flip points in Fig. 8(c)-(f) , respectively. The results show that the fringe precisions of SMI are raised to λ/4, λ/8, λ/16, λ/32 by using even-power fast algorithm. In general, it is necessary to compare the vibration amplitude calculated by our algorithm with the actual vibration amplitude given by a closed-loop piezoelectric ceramics (PZT). Since the closedloop PZT is not available in our lab, the method by employing an external reflecting mirror proposed by Wang et al. [21] is used to measure the actual vibration amplitude when it is less than λ/2. In this experiment, other parameters are kept as same as those of Fig. 8 . Fig. 9(b) shows the obtained SMI signal in the case where the light beam is reflected twice (the fringe precision is λ/3.94). Compared to the results of Fig. 8(c) and Fig. 9(b) , they both have about 1.4 fringes between the two flip points in the self-mixing signal, which means that the result of the algorithm is close to that of the method using the external mirror. The comparison experiment on closed-loop PZT will be carried out in our further work.
In addition, the experiment of random displacement reconstruction is performed in order to better show the method could be powerful in such a case, shown in Fig. 10 . The driving voltage is set as Fig. 10(a) to ensure that the external vibration amplitude is not only more than λ/2 but also less than λ/2, as can be seen from the result of measured SMI signal in Fig. 10(b) . Fig. 10(c) and (d) show the SMI signals processed by the even-power fast algorithm. On this basis, Fig. 10(e) is the reconstructed displacement waveform by the fringe-counting method. The result shows that the shape of the reconstructed displacement is in good coincident to the driving voltage in Fig. 10(a) .
As demonstrated in the Section 2.2, the fringe precision could be further raised to λ/2 n+3 (n = 0, 1, 2, 3 . . . ) by setting the value of n in the algorithm in principle. In the actual measurement, the noises of the external environment and the circuit have inevitable influence on the quality of the SMI signal. These factors lead to the individual fringe intensity of the SMI signal to indefinite attenuation or enhancement which results in uneven fringes. In addition, the speckle affects the SMI detected signal in our experiments. Fig. 11(b) shows the SMI signal using a white paper fixed on the speaker with other parameters the same as that in Fig. 7 . Obviously, the detected SMI signal has more noise than that using a mirror. As the diffuse surface of a rough surface destroys the spatial coherence of the laser beam, the operation of laser diode is affected by the speckle effect. In this case, the process of filtering illustrated in Fig. 2 is particularly important, shown in Fig 11(c) . The algorithm is implemented to process the SMI signal, and the results are shown in Fig. 11(d)-(g) , which show that the even-power fast algorithm is still feasible. Especially, the serious speckle effect gives rise to interferometric fringes missing or changing in the SMI interferometer [27] , [28] . In this case, the even-power fast algorithm will not applicable. On the other hand, there should be special consideration for the sampling rate of the original SMI signal when using the even-power fast algorithm. In principle, the available highest fringe precision is related to the sampling rate of the DAQ card. According to Nyquist Sampling Theorem, the sampling frequency must be at least as twice as the maximum frequency of the signal. Therefore, the higher fringe precision corresponds to higher sampling rate requirement.
Conclusion
In this paper, we propose a simple and effective even-power fast algorithm to obtain scalable fringe precision in self-mixing interference. Without adding any additional optical elements in the existing optical path, theoretical analysis shows that the resolution of the fringe could be potentially enhanced to λ/2 n+3 (n = 0, 1, 2, 3 . . .). A fringe precision of λ/32 has been achieved experimentally at a sampling rate of 50KS/s. The experimental results are in good agreement with the theoretical analysis. This even-power fast algorithm in SMI sensor presents potential application prospects in the high precision measurement of vibration, displacement and refractive index etc.
